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RELATION BETWEEN SPHERICAL DESIGNS 
THROUGH A HOPE MAP 

TAKAYUKI OKUDA 


Abstract. Cohn-Conway-Elkies-Kumar [Experiment. Math. (2007)] 
described that one can construct a family of designs on from 

a design on CP"“^. In this paper, we prove their claim for the case 
where n = 2. That is, we give an algorithm to construct 2t-designs 
on as products through a Hopf map of a t-design on 

and a 2t-design on S^. 


1. Introduction 

The purpose of this paper is to give an algorithm to make a spherical 
2t-design X on with |A| = (2t+l)|U| from a given spherical f-design 
Y on 52 . 

We write S'^ for the unit sphere in the {d + l)-dimensional Euclidean 
space The concept of spherical designs on S''^ were introduced 

by Delsarte-Goethals-Seidel [9] in 1977 as follows: For a hxed f G N, 
a hnite subset X of is called a (spherical) f-design on 5'^ if 

( 1 . 1 ) = 

for any polynomial / of degree at most t. Note that the left hand side 
and the right hand side in fll.ip are the averaging values of / on A 
and that on S''^, respectively, (see Dehnition 12.II for more details). The 
development of spherical designs until 2009 can be found in Bannai- 
Bannai [3]. 

Cohn-Conway-Elkies-Kumar [8] described that one can construct 
a family of designs on 5^”“^ from a design on CP"“^. In this paper, 
we prove their claim for the case n = 2. Recall that CP^ ~ S'^, and 
therefore the main result of this paper is an algorithm to construct 
spherical designs on from designs on 5^. 
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Let US denote by vr : —)■ a Hopf map. Then (S'^,S'^,7r) is a 

principal S'^-bundle. In particular, for each y E S"^, the hber 7T~^{y) is 
isomorphic to (see Section [2] for more details). 

The following theorem is our main result of this paper: 

Theorem 1.1 (See Theorem 12.31 for the details). Let Y be a t-design 
on and T a 2t-design [resp. {2t + l)-design] on . For each y eY, 
we take a 2t-design Vy [resp. {2t + l)-design\ on 7r“^(?/) ~ . Then 
the finite subset 

X :=\J r,. 

y&Y 

is a 2t-design [resp. {2t + l)-design\ on with |X| = Yhyer l^yl- 

One of important problems of spherical designs is to give an algo¬ 
rithm to construct t-designs on explicitly. It should be emphasized 
that Theorem 11.11 constructs a 2t-design [resp. {2t + l)-design] on S'^ 
explicitly from a given f-design Y on and the regular (2t + l)-gon 
[resp. 2(t -|- l)-gon] on S^. 

Recall that spherical t-designs Y on can be constructed as follows: 
Kuperberg m showed that an interval t-design on the open interval 
(—1,1) with respect to the constant weight can be constructed from the 
roots of a certain polynomial of degree [t/2j. For an interval t-design 
{■Cl) ■ ■ ■ C (—1,1) with respect to the constant weight, by taking 
Yi the regular (t-l-l)-gon on the circle 5^ fl {(xi, 0 : 2 , Xs) G | Xi = Ci} 
in S^, we have a t-design Y = This technique was 

pointed out by Rebau-Bajnok [13] and Wagner [13] (see [31 Section 
2.7] for more details). By combining this and our theorem, we have an 
algebraic construction of t-designs on for each t. 

We also remark that the idea of Theorem 11.11 is similar to the tech¬ 
nique to construct spherical designs from interval designs described 
above and a technique by Ito m Section 8] to construct designs on 
hnite group G from designs on a G-homogeneous space T. 

Let us denote by Nsd{t) the smallest cardinality of a f-design on S'^. 
By Theorem ll.il we have the following inequalities: 

Ns3{2t) < {2t + l)Ns 2 {t) and Ns3{2t -l- 1) < 2{t + l)Ns 2 {t), 

since regular (2t -|- l)-gon [resp. 2(t + l)-gon] on is a 2t-design 
[resp. {2t + l)-design]. In particular, recall that Chen-Frommer-Lang 
[7] constructed t-designs on with (t + 1)^ nodes for each t < 100. 
Thus, by Theorem II. 11 we also obtain 

( 1 . 2 ) 

Ns>{2t) < (2i + l)(i + if and lVs»(2« + 1) < 2(i + 1)® for t < 100. 
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By Bondarenko-Radchenko-Viazovska’s recent great results EE], 
the asymptotic bound (conjectured by Korevaar-Meyer [T2] in 1993) 
for Nsd(t) as 

(1.3) Nsd{t)<^t‘^ 

holds for any d > 1. Our bounds fll.2p give a precise estimation of 
Ns3{t) for t < 100. 

This paper is organized as follows. In Section [2l we set up notation 
and state our main theorems. In Section [3l as a preliminary, we give 
a dehnition of designs on a general measure space and show abstract 
propositions in order to prove our main theorems. Main results de¬ 
scribed in Section [2] will be proved in Section H] by using propositions 
in Section [31 


2. Main results 


We £x terminology for spherical designs as follows. 

Let us denote by 5'^ the unit sphere in the (d -|- l)-dimensional Eu¬ 
clidean space and denote by figd the spherical measure on S'^. 

We put |S''^| := For each t eN, we write 


Pi(R‘^’'"^) := { / I / is a polynomial over C on with deg / < t}. 
Any element in Pt(R^'''^) can be regarded as a C-valued function on 

Rd+1_ yy-g p^|- 

Ptis") :={f\s^\feP,(K.^+')]. 

Then Pt{S'^) is a finite-dimensional functional space on S'^. It is well 
known that 


dime Pi (5"^) 


/t + d\ /t + d — 1\ 

V d y ^ V ^-1 ) 


We define spherical t-designs on as follows: 


Definition 2.1. A finite subset X of S'^ is called a (spherical) t-design 
on S'^ if 

A " tA [ for ony f € Pt(S‘‘). 

1^1 hJ I® I Jo- 

Remark 2.2. In Definition 12.11 we can replace polynomials over C 
to that over R. In fact, the original definition of spherical designs in 
Delsarte-Goethals-Seidel [9] considered polynomials over R. In this 
paper, we discuss over C since monomials on C ~ R^ over C 
can he written easily then that over R. 
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Throughout this paper, let us denote by 

:= { (a, b)\a,beC, \a\^ + \b\^ = 1 } C ~ 

ry) I ^ G R, r]e C, + |r/p = 1 } C R x C ~ R^ 

{xe C I 1^1 = 1} CC~R^ 

We £x a Hopf map as follows: 

TT : 5^ —)■ S^, (a,b) I—)■ (|ap — |6p,2a6). 

Let us put 

(a, b) ■ z := (az, bz) for each (a, b) G and z G S^. 

Then 

X ^ S^, {x, z) X ■ z 

dehnes a right action of on with respect to the usual group 
structure on S^. The Hopf map vr : —)■ 5^ is a principal S'^-bundle 
with respect to the right S'^-action. In particular, acts simply- 
transitively on each hber 7T~^{y) for y G 8“^. A summary of the Hopf 
map —)■ 8“^ can be found in [151 Part H, §20]. 

Here is our main theorem, which will be proved in Section 14.21 

Theorem 2.3. Let Y <Z 8"^ be a t-design. For each y & Y, we fix a 
base point Sy on the fiber TT~^{y), and take a 2t-design Ty G 8^. Then 
the finite subset 

A'(y,s,r) := [J{s,-7l7er,} 

yeY 

is a 2t-design on 8^ with |X(H, s,r)| = l^yl- Furthermore, ifVy 

is a {2t + l)-design for all y & Y, then X{Y, s, T) is a {2t + l)-design 
on 8^. 

We note that X(Y, s, T) depends on the choice of the map 

s : H —)■ 8^, y I—)■ Sy. 

Therefore, X(Y, s, T) may be a non-rigid 2f-design [resp. (2f-|-l)-design] 
on 8^ (see Bannai [2] for the dehnition of non-rigid spherical f-designs). 
In particular, we can not expect that X(Y, s, T) is a tight 2t-design on 

Example 2.4 (Example of Main theorem 12.3|) . An antipodal subset 
Y = { (±1, 0) } of 8“^ G M. X C is a 1-design on 8'^ and a regular 3-gon 

Tg := { z G C I |z| = 1, z^ = 1} G 8^ gC 
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is a 2-design on . Let us fix a base point Sy of ti ^{y) for each y eY 
as follows: 


S(i,o) (1,0), S(_i^o) (0,1). 


Then, by Theorem A2.?>[ the finite subset 

X-.= {syz\yEY,zETs}cS^ 
is a 2-design on with |X| = 6. Such X can be written by 



3. Key ideas for designs on measure spaces 

In this section, we define designs on a general measure space and 
show some propositions for them. Main theorem 12.31 of this paper will 
be proved by using propositions in this section. 

3.1. Designs on a general measnre space. Let {Ll,y) be a general 
finite measure space. We define (weighted) designs for a vector space 
consisted of LLintegrable functions on (fl, /i) as follows: 

Definition 3.1. Let X be a finite subset of fl and A : X —)■ M>o be a 
positive weight function on X. For an L^ -integrable function f : fl ^ 
C, we say that (X, A) is an weighted f-design on (12, p) if 



For a vector space Ti consisted of L^-integrable functions on 12, we say 
that (X, A) is an weighted TL-design on (12,/i) if (X, A) is an weighted 
f-design on (12, p) for any f eTL. Furthermore, if X is constant on X, 
then X is said to be an TL-design on (12,/r) with respect to the constant 

A. 

Example 3.2. Let 12 = S'^, p = (l/IS'^D/i^d and Ti = PfiS'^). Then 
a finite subset X of Q is an TL-design on {Ll,p) with respect to the 
constant 1/|X| if and only if X is a t-design on 

Let us consider the cases where any constant function on 12 is in Ti. 
Then for any weighted "H-design (X, A) on (12, p), we have Ylx&x '^(^) ~ 
/i(12). In particular, if X is an "H-design on ifil, p) with respect to a 
positive constant A, then A = p(12)/|X|. 

Remark 3.3. The concept ofTi-designs on (12, p) is a generalization of 
that of averaging sets on a topological finite measure space {Ll,p) {see 
[IT] for the definition of averaging sets). In particular, by results of 
Seymour-Zaslavsky [TH Main Theorem], if {fl,p) is a topological finite 
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measure space and f2 is path-connected, then for any finite-dimensional 
vector space % consisted of continuous functions on an Ti-design on 
(f2, fi) exists. 

We give two easy observations for designs on (f2, p) as follows: 


Observation 3.4. • If T-L' d H, then any {weighted) H-design 


on {fl,p) is also an {weighted) H'-design on {fl,p). 

• Let X be a positive constant and X, X' are both TL-designs on 
{12, p) with respect to X. //XflX' = 0, then XUX' is also an 
H-design on {fl,p) with respect to X. 

3.2. Key propositions. Let (f2i, pi), L 2 ) be general measure spaces 
and TT : ffi —)■ f22 a map. For each element ca G 122 5 we fix a rneasure 
Pi^ on the hber 7i~^{u). 

Let us take an L^-integrable function f : Qi ^ C. We say that the 
function / satisfies the property {F) if the following holds: 

• For each a; G 122, the restriction /Itt-Pw) is also an L^-integrable 
function on {7i~^{oj), p^^). 

• The function 



Inf : 122 ^ C, (jJ ^ I fdpoj, 

J 7r“^(a;) 

is also an L^-integrable function on 122 with 



Remark 3.5. The property {F) for a function f means that we can 
apply ‘Fubini’s theorem” for f. 


Let us take a hnite-dimensional vector space Ti consisted of L^- 
integrable functions on 12 with the property {F). Then, 


InH-.= {hf\feH}, 

'HItt-ih := {/U-IH I / e "H} for a; G 122 


are also hnite-dimensional vector spaces consisted of L^-integrable func¬ 
tions. 


Example 3.6. Let (12i,/ii) = {S^,{l/\S^\)ps3), {^ 2 ,^ 2 ) = {S'^, {l/\S^\)ps 2 ) 


and 71 : ^ the Hopf map. For each y G 3“^, we put the S^- 

invariant probability measure Py on the fiber 7i~^{y). In Section IT^ 


we will prove that any L^ -integrable function on 12i = satisfies the 
property {F), and 
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for each t (see Lemma W?2\ and Lemmafor more details). 

Let y be a finite subset of 1^2 and Ay a positive function on Y. For 
each y eY, we take a finite subset F^ of vr“^(i/) and a positive function 
Apj, on Fj^. We denote by 



(3.1) 


yev 


and define a positive function on X(y, F) by 


Ax : W(F, F) = |_J Fj/ -)■ M>o, a: H- Ay (i/) • Ary(x) if x G Fj^. 


y&Y 


Then the next proposition holds: 

Proposition 3.7. Let (Y, Ay) be an weighted (It.'H)- design on (0.2-, L 2 ) 
and (Fy, Apy) an weighted design on ('k~^( y)^ y.y) for each y G 

Y. Then (X(F, F), Ax) defined above is an weightedLL-design on (Lli, y,i). 

The proof of Proposition 13.71 is given in the next subsection. 

The next corollary, which will be used in the proof of Theorem 12.31 
(see Section 02]), follows from Proposition 13.71 immediately. 

Corollary 3.8. In the setting of Proposition iTTl suppose that Y is a 
(It^H)- design on (LL 2 , L 2 ) with respect to a positive constant Ay, and 
there exists a positive constant Ar such that for any y eY, the set Vy 
is an 'H\T,-i(^yydesign on ('k~^( y), piy) with respect to Ap. Then XCF, P) 
is an TL-design on (r2i,/ii) with respect to the constant Ay ■ Ap- 

3.3. Proofs of key propositions. By the definition of weighted de¬ 
signs, the proof of Proposition 13.71 is reduced to the showing the next 
lemma: 

Lemma 3.9. Let f be a Lf-integrable function on with the property 
(F). Suppose that (P, Ay) is an weighted (Inf)-design on (fl 2 , L 2 ) o,nd 
(Fy,Apj^) is an weighted (f\T,-i(^y))-design on (7r“^(i/),/iy) for each y E 
Y. Then (XCF, P),Ax) is an weighted f-design on (f2i,/ii) (see fl3.ll) 
for the notation of X(Y,T)). 

Lemma 13.91 claims that if we have weighted designs on f22 and that 
on some fibers, then we have an weighted design on f2i. 
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Proof of Lemma^M Since (Fj^, Ar,,) is an weighted (/|^-i(y))-design on 
fiy) for each y EY,we have 

>^x{x)f{x) = Ar(|/)Ar,(7y)/(7j/) 

xGX{Y,r) y&Y 'yy&Vy 


= V(i/) 

y& 


iTi/STy 


ry{ly)f{ly) 



Furthermore, since (y, Ay) is an weighted (/ 7 r/)-design on (f22,/i2), we 
have 



This completes the proof. 


'^\Y{y){hf){y) 

y&Y 



{Inf)dfi2 



fdyi. 


□ 


4. Proof of Main result 

In this section, we prove Theorem 12.31 bv using the results in Section 

ESI 


4.1. Local trivializations of the Hopf map. In this subsection, we 
recall local trivializations of the Hopf map tt : —)■ dehned in 

Section [2J 

Let us take an open covering {t/+, 17_} of C M x C as 

= {(e, v) e I e 7^ -1 },U. = { if, }. 

Then we have local trivializations of the S'^-bundle n : ^ 3“^ as 




1 + e 


2 ’V 2(1 + 0 


T]Z 


1 

-yz, \l ——z I . 




2 ( 1-0 


2 
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In particular, for each y = (^, 17 ) G t/+, the hber tt ^{y) can be 
written by 

(4.1) = I \] yiTU’'") I" ^ 

Similarly, for each y G (.^, rj) E U_, we have 

(4.2) ^-\y) = I \/^") U 6 S' } c S’- 

Remark 4.1. In Theorem 12.31 we need to take a base point Sy on 
'K~^{y) for a given y G 5^. By using the explicit form of7i~^{y) above, 
one can choose Sy explicitly. 

4.2. Proof of Theorem 12.31 Throughout this subsection, we denote 
by y'gd '■= Then is the 0((i+l)-invariant Haar measure 

on with = 1 . 

Let TT : —)• be the Hopf map dehned in Section [2l For simplicity, 
we £x a base point Sy on a fiber n~^{y) for each y G S'^. Note that 
we do not assume that the map s : ^ with son = id 52 is 

continuous (in fact, such a continuous map does not exist). Then we 
have an isomorphism 

Ly : ^ 7i~^{y), z Sy ■ z. 

For each y G S'^, we consider the induced measure y'y on 7r“^(?/) by the 
normalized measure /i^i on S'L Such the probability measure p!y on 
7r“^(i/) does not depend on the choice of the base point Sy since /i'^i is 
invariant by the S'^-action. 

To prove Theorem 12.31 we show the next two lemmas. 

Lemma 4.2. Any -integrable function on satisfies the property 
(F) with respect to the Hopf map vr : 5^ —)■ 5^, the normalized spherical 
measures p!g 2 and the measure y'y on for each y E defined 

above (see Section fS^ for the definition of the property (F)). 

Lemma 4.3. For any t eN, we have 

i*y(Pt(S^)l-.(^y)) = Pt(S^) for any y E 

h{Pt{S^)) = and n*(Pyt^^(S^)) C Pt(S^) 

(see Section mn for the definition of It,). 

One can observe that Theorem [23] follows from Corollarv l3.81 Lemma 
14.21 and Lemma 14.31 





















10 


TAKAYUKI OKUDA 


Proof of Lemma I4.2[ Let us denote by 


S'^ = { ((cos(^)e^^^b (sin(^)e^ | 0 < 99 < 0 < 6 *i, 6*2 < 27r} C C^, 

S'^ = { {cos ^jJ, (sin-^)e'^'^) O<0<27r}cMxC, 

I 0 < 0 < 271} C C. 

Then the volume forms corresponding to the normalized measures /i'^^ 

(d = 1, 2, 3) can be written by 

1 TT 

dfi's3 = -—^{sm2ip)dipd9id92 (0 < (p < —, 0 < 6 * 1 , 6*2 < 27r), 

d/iU = —{smip)dipd(f) (O<' 0 < 7 r, O<0< 27r), 
dvr 




TT 


d/ihi = —dd (0 < d < 27r). 

ZTl 


We put 


f/+ = { (cos'0, (sin'0)e^^‘^) |O<'0<7r, O<0<27r}c 


TT ^(t/+) = { ((cos</9)e'^^b (sin(p)e'^®^) | 0 < (p < —, 0 < di, d2 < 27r} C 

Then the isomorphism between 17+ x and 7r“^(17+) given in Section 
10 can be written by 

U+xS^ ^ 7r-\U+), 

{cosi/j, (sin'^)e^^'^, ha ((cos^)e^^®, (sin 

Under this isomorphism, we have 


99 = ^, di = d, 92 = (f-9. 


Thus, 


dPn-i{u+) = ^;^(sin2(p)d(pddidd2 

= ^-^(sin'^)d'^d0dd 
= dp,Jj_|_dp5i, 

where we put := dp'g3|^-i(;7_^) and dp'(y_|_ := dfi'g2\u+- There¬ 

fore, we can apply Fubini’s theorem for 

7r-\U+) ~ 17+ X 
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One can observe that n'g 2 {S‘^ \ U+) = 0 and \ tt H^+)) = 0- 

particular, for any L^-integrable function f on S^, we have 





'(?,»7)6f/+ Jzesi 


/(C, h, z)d^j,'si{z)dnu^{^, r]) 



This completes the proof. 


□ 


Proof of Lemma W^ First, we shall prove that 

(4.3) ^ y ^ 

(4.4) h{P,{S^)) C 

Let us £x any n < t and denote by fij^k,i{a,'d,b,b) := a^Wb^l) the 
monomial on ~ of degree n = i + j + k + 1. We also denote 
by the same letter fij,k,i the restricted function on of the monomial 
fi,j,k,i{,CL,'d,b,b). By Lemma Wf2\. the function fij,k,i on satishes the 
property (F). To prove 04.31) and 04.4p . it suffices to show that: 

• For each y G S"^, the function Ll{fij,k,i\TT-^(y)) is a monomial on 

of degree \i — j — k + l\, 

• r.ki.kj e T5 j('S'")- 

For each y = (.^,17) G 5^, by the explicit formula 04.ip and 04.2p of the 
hber ■K~^{y) given in Section ICT there exists a constant Cij^k,i{y) £ C 
such that 


fi,j,k,lit'yi^)) = Cij^k,l{y)^' ^ 

Ci,j,k,i{y)^"~^~^^^ Hi - j - k + l > 0 , 
Ci,j,k,i{y)z~"^^^'"~^ Hi- j - k + l <Q. 

Thus, i'*y{fi,j,k,i\-K-'^{y)) is a monomial on of degree \i — j — k + l\. 
Furthermore, for each y & 3“^, we have 


^d-nfi,j,k,l){y^ CiJ^k,li,y^ I Z 

Js^ 




d^si 


Ci,j,k,i{y) H i + l = j + k, 

0 otherwise. 
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In particular, if i + / 7^ j' + fc, then 

^ for any 1/e 5 *^ 

Therefore, let us consider the cases where n = i+ j + k + l = 2m is 
even and i + l= j + k = m. For each y = (^, rj) G S"^, by fl4.ip . fl4.2p 
and = (1 — ^)(1 + ^), we have 


^ I if e 7 ^ - 1 , 

if ^ ^ 1 , 

^ I ^(1 + if ^ 7 ^ - 1 , 

“ ife^i, 

ife 7 ^-i,^>fc, 

^(1 + if 7 ^ — 1 , i <k 

^(1 — if ^ 7 ^ 1 , i > A;, 

ife7^l,^<fc, 

f ^(1 + ^y-k^kYjrn-i if ^ > A;, 

]^^(1 — if i < A;. 

Hence, we have hfij,k,i e Pm{S^) = Pn/ 2 {S'^)- 

Since yy{'n'~^{y)) = 1, we have that 1^, o tt* is identity on Pp/ 2 j(*S'^). 
Therefore, to complete the proof of our claim, we only need to show that 
7r*Pp/2j (*5'^) C Pt{S^). Let us take a monomial hij^k{^,r],fj) := 
on ~ R X C of degree i + j + A; = n < LA/2J. We also denote 

by the same letter hi^j^k the restricted function on S'^ of the monomial 
hi,j,k{^,VjV)- Our goal is to show that 

G P2n{S^). 

The function 7r*hij^k ou can be written by 
{'^*hij,k){a,b) = hij,fe(7r(a,6)) 

= (lap - |6n'(2a6)^(2^)'= 

= 2^+\aa - hhya^a^vf. 


Hence, we have 7r*hj ^ ^ G P 2 n{S^)- This completes the proof. □ 


Concluding remarks 

It is well known that admits a compact Lie group structure (such 
a compact Lie group is called SU{2)) and for a maximal torus 5^ of 
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S^, the Hopf map n : ^ can be regarded as a quotient map 

from the Lie group to the quotient space S^/S^ ~ 5^. In a future 
paper, we will discuss a generalization of the results in this paper to 
a relation among designs on G/K, that on G/K' and that on K'/K 
for a compact Lie group G and closed subgroups K and K' of G with 
K C K'. In particular, by considering G = SU{n), K = SU{n — 1) 
and K' = S{U{1) xU{n — 1)), we will obtain an algorithm to construct 
a family of spherical designs on from a design on CP"“^. 

Furthermore, constructions of “extremal spherical designs” and “well 
conditioned spherical designs”, which are spherical designs on S'^ with 
some nice properties from the viewpoint of numerical analysis, were 
studied by nna. By Theorem 12.31 if we have an extremal [resp. well 
conditioned] t-design Y on S^, then we obtain a 2t-design X on 
as a “product” of Y and a regular (2t + l)-gon on S'L Since Y has a 
nice property as a design on S"^, we may expect that X also has nice 
properties as a design on S^. What are such nice properties for designs 
on This is also a future work. 
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